Abstract. For a self-small abelian group A of torsion-free rank 1, we characterize A-reflexive abelian groups which are induced by the pair of right adjoint contravariant functors HomðÀ; AÞ : Ab ! Ab : HomðÀ; AÞ.
Introduction
If A is an abelian group, it induces a pair of right adjoint contravariant functors ðÀÞ Ã ¼ HomðÀ; AÞ : Ab ! Ab : HomðÀ; AÞ ¼ ðÀÞ Ã :
Let n : 1 Ab ! ðÀÞ ÃÃ be the natural transformation associated to this pair. If C is an abelian group then n C : C ! C ÃÃ is defined by n C ðcÞ : a 7 ! aðcÞ for all c A C and all a A C Ã ¼ HomðC; AÞ. An abelian group C is called A-reflexive if n C is an isomorphism. The class R of A-reflexive groups is the maximal class such that the restrictions ðÀÞ Ã : R . R : ðÀÞ Ã are dualities; see [25, Section 47] . This kind of duality is called Warfield duality. If n C is a monomorphism, we say that C is A-cogenerated. We recall that C is A-cogenerated if and only if there exists a monomorphism C ! A X for some set X . When X is finite, C is said to be finitely A-cogenerated. The study of Warfield dualities is an important tool. The results obtained by Warfield (for finite rank torsion-free A-reflexive groups, where A is torsion-free of rank 1) in his seminal paper [23] have been used and extended by many authors during the last 40 years, especially in the study of (finite-rank) torsion-free groups and in the study of torsion-free modules over some commutative domains. For example, Warfield's theory presented in [23, Section 3] was extended in [19] , [20] and [21] , to some more general classes of (locally-free) finite rank torsion-free groups. These generalizations, together with results concerning Butler groups (which exhibit another kind of duality for finite rank torsion-free groups), were used to explain the existence of some pairs of dual properties for finite rank torsion-free groups. Moreover, in [14] the authors show that every duality on categories of torsion-free modules of finite rank over Dedekind domains, which satisfies some natural conditions, is a Warfield duality. The reader can find more details about Warfield dualities in [4] and [13] .
In the present paper, we will study A-reflexive groups in the case when A is a (mixed) self-small group of torsion-free rank 1. This study is motivated by the fact that many properties of finite rank torsion-free groups can be extended to some classes of self-small mixed groups. For example, in [3] classical results proved by Warfield and Steinitz concerning cancellation properties of finite rank torsion-free groups were extended to some classes of self-small groups, in [9] it is proved that every self-small group of finite torsion-free rank has a unique Krull-Schmidt quasidecomposition and in [15] the authors extended Arnold's duality [7] from torsion-free qd-groups to mixed qd-groups (we recall that an abelian group A is a qd-group if TðAÞ is reduced and A has a subgroup F that is free of finite rank such that the group A=F is divisible and torsion). In many cases these extensions require new ideas for proofs (see [3] or [15] ). Moreover, there are many results concerning finite rank torsion-free groups which are not valid for self-small mixed groups (see e.g. [24] ). Such di¤erences are also exhibited in the present paper. In Remark 3.2 and Example 3.6 it is shown that some of Warfield's results about finitely A-cogenerated groups, where A is a rank 1 torsion-free group, are not valid when A is a proper mixed selfsmall group of torsion-free rank 1.
In Section 2, we recall some properties of finite torsion-free rank self-small groups. Section 3 is dedicated to finitely A-cogenerated groups, where A is a self-small group of torsion-free rank 1. The structure of some special finitely A-cogenerated groups is described in Proposition 3.1, where it is proved that these groups are direct sums of torsion groups and self-small groups with some special properties. This result suggests splitting the study of A-reflexive groups (Section 4) into two cases: torsion groups (Theorem 4.1) and self-small groups (Theorem 4.2 and Theorem 4.4). At the end of Section 4 we show that Theorem 4.4 cannot be extended to the case when A has p-rank at most 1 for all primes p but is not self-small.
In this paper all groups considered are abelian groups. The set of all primes is denoted by P, Zð p k Þ denotes the cyclic group Z=p k Z, andẐ Z p is the ring of p-adic integers. If G is a group then T p ðGÞ denotes the p-component of G, TðGÞ is the torsion part of G, and G ¼ G=TðGÞ. If G is a torsion group then G p denotes the pcomponent of G. If p is a prime, the Z=pZ-dimension of G=pG is called the p-rank of G. A subgroup F c G is full if G=F is a torsion group. We denote by SðGÞ the set of all primes p such that T p ðGÞ 0 0, and by DðGÞ the set of all primes p such that G is p-divisible. If G is a finite rank torsion-free group, the supremum of the set of types of rank 1 torsion-free quotients of G is denoted by OTðGÞ, and it is called the outer type of G. We say that a set U is quasi-contained in a set V if UnV is finite, and we denote this by 2 Self-small groups of finite torsion-free rank An abelian group A is self-small if HomðA; ÀÞ commutes with direct sums of copies of A. These groups were introduced by Arnold and Murley in [8] . In this paper, the authors proved that every endomorphic image of a self-small group is self-small and a torsion group is self-small if and only if it is finite. Hence we have the following lemma:
Lemma 2.1. If A is a self-small group then HomðA; TðAÞÞ is a torsion group. (d) we can write A ¼ B l H with B a finite group and H an extension of a group X by a group Y with the following properties: (i) X is a finite rank torsion-free group that is SðAÞ-divisible, (ii) Y is torsion-free or Y is an SðAÞ-pure subgroup of a direct product of ( finitely generated) p-adic modules Q p A SðAÞ MðpÞ such that Y satisfies the following projection condition: there is a full free subgroup of finite rank F c Y such that, for every p A SðAÞ, the natural projection p 0 p ðF Þ of F into MðpÞ generates Mð pÞ as aẐ Z p -module. Corollary 2.3. Let A be a self-small group of finite torsion-free rank. Then (a) A is countable.
(b) If C is a full subgroup of A then A=C is p-divisible for almost all p A SðAÞ.
(c) If B and C are subgroups of A such that B is finite and B þ C ¼ A then C is selfsmall.
(e) If C is a homomorphic image of A such that TðCÞ is reduced and SðCÞ _ J J SðAÞ then C is self-small.
Convention 2.4.
If A is a self-small group (or, more generally, a group whose primary components are direct summands) and U is a finite set of primes then T U ðAÞ ¼ 0 p A U T p ðAÞ is a direct summand of A, hence A ¼ T U ðAÞ l AðUÞ for some subgroup AðUÞ c A. Proof. (b) Let F c A be a full free subgroup of A. If p is a prime such that T p ðAÞ is of rank n and D ¼ A=F is a p-divisible group, we consider the exact sequence
Since D=pD ¼ 0, we observe that dim Z=pZ ðA=pAÞ c n. Since A=pA G T p ðAÞ=pT p ðAÞ l AðpÞ=pAðpÞ; it follows that Að pÞ=pAð pÞ ¼ 0. Then AðpÞ is p-divisible, hence A is p-divisible.
Let m : A ! Q p A SðAÞ T p ðAÞ be the homomorphism induced by the canonical projections p p : A ! T p ðAÞ. Then TðAÞ ¼ TðmðAÞÞ and HomðmðAÞ; TðAÞÞ is a torsion group, hence mðAÞ is a self-small group. Since almost all primary components of mðAÞ are of rank n, by (a) we deduce that the torsion-free rank of mðAÞ is n, hence m is injective. Moreover, mðAÞ=TðAÞ is p-divisible for almost all p A SðAÞ, and it follows that mðAÞ is a p-pure subgroup of Q p A SðAÞ T p ðAÞ for almost all p A SðAÞ. r
The following result generalizes [2, Theorem 3.3] . We include the proof for the reader's convenience. Proof. We consider the exact sequence 0 ! TðAÞ ! A ! A ! 0. Applying the functor HomðC; ÀÞ to this exact sequence, we obtain a monomorphism j : HomðC; AÞ=HomðC; TðAÞÞ ! HomðC; AÞ:
Moreover, applying the functor HomðÀ; AÞ to the exact sequence 0 ! TðCÞ ! C ! C ! 0 we obtain an isomorphism c : HomðC; AÞ ! HomðC; AÞ. It is not hard to see that Y ¼ cj, hence it is enough to prove that j is a pure monomorphism.
By [17, Lemma 52.1], the group ExtðC; TðAÞÞ has trivial p-components for all p B SðAÞ. Since CokerðjÞ c ExtðC; TðAÞÞ, it follows that j is p-pure for all p B SðAÞ.
Let p A SðAÞ. If A ¼ T p ðAÞ l AðpÞ is a direct decomposition of A, we will denote by r : A ! AðpÞ the canonical projection. As in the first part of the proof we have an embedding j 0 : HomðC; Að pÞÞ=HomðC; TðAðpÞÞÞ ! HomðC; AðpÞÞ:
The direct decomposition A ¼ T p ðAÞ l Að pÞ induces a homomorphism c : HomðC; AÞ=HomðC; TðAÞÞ ! HomðC; Að pÞÞ=HomðC; TðAðpÞÞÞ; cða þ HomðC; TðAÞÞÞ ¼ ra þ HomðC; TðAðpÞÞÞ:
It is not hard to see that c is an isomorphism. Moreover, this direct decomposition induces an isomorphism r : A ! Að pÞ, rða þ TðAÞÞ ¼ rðaÞ þ TðAðpÞÞ. Applying HomðC; ÀÞ, we obtain an isomorphism c : HomðC; AÞ ! HomðC; Að pÞÞ; cðbÞ ¼ rb:
It is easy to see that the diagram HomðC; Að pÞÞ is commutative. Moreover, j 0 is p-pure since p B SðAð pÞÞ, hence j is a p-pure monomorphism, and the proof is complete. r Corollary 2.7. Let A be a self-small group. If C is a group then the group HomðC; AÞ=HomðC; TðAÞÞ is p-divisible for all p A DðAÞ.
In the sequel, we recall from [1, Section 4] some properties of self-small groups of torsion-free rank 1. To describe such groups we need first to construct a special class of self-small groups. Let T ¼ 0 p A S T p be a torsion group such that S is an infinite set of primes and each p-component T p is a cyclic p-group. For every prime p we fix a generator a p for T p . If R is a subgroup of Q, which is p-divisible for all p A S, we denote by AðT; RÞ the (unique) subgroup of Q p A S T p characterized by the properties T c AðT; RÞ and AðT; RÞ=T ¼ Ra, where
Þ=T is a torsion-free divisible group). Observe that for all pairs ðT; RÞ with T a torsion group with cyclic p-components and R a subgroup of Q which is p-divisible for all p A SðTÞ, the group AðT; RÞ is self-small. A group is called a standard mixed selfsmall group of torsion-free rank 1 if it is isomorphic to a group AðT; RÞ. It is proved in [1] that the construction of AðT; RÞ is independent, up to isomorphism, of the choice of the generators a p : Proposition 2.8 (see [1] ). The set of pairs ðT; RÞ, where T is a torsion group with cyclic p-components and R is a subgroup of Q which is p-divisible for all p A SðTÞ, is a complete set of independent invariants for standard mixed self-small groups of torsion-free rank 1.
Moreover, every self-small group of torsion-free rank 1 with infinite torsion subgroup can be described using standard mixed self-small groups of torsion-free rank 1: Theorem 2.9 (see [1] ). A group A is self-small of torsion-free rank 1 if and only if A G B l R with B a finite group and 0 0 R c Q or A G B l AðT; RÞ for some finite group B and some standard mixed self-small group of torsion-free rank 1.
If A G B l AðT; RÞ then we will say that A is a mixed self-small group of torsionfree rank 1. We note that a mixed self-small group A of torsion-free rank 1 is standard if and only if SðAÞ J DðAÞ and every p-component of A is cyclic. It is not hard to see that for every mixed self-small group of torsion-free rank 1 there exists a finite set of primes U such that AðUÞ is standard.
If A 1 and A 2 are self-small groups of torsion-free rank 1, the structure of the group HomðA 1 ; A 2 Þ can be more complicated in the mixed case than in the torsion-free case. Moreover, in general A 1 l A 2 is not a self-small group (see [1] ). In the present paper we are interested only in a particular case. The proof of the following lemma is a simple exercise. To conclude this section we recall from [1] two results concerning finite index subgroups of finite powers A n , where A is a self-small group of torsion-free rank 1. Quasi-isomorphic torsion groups are defined in [6, p. 11] and characterized in [6, Exercise 1.10].
Proposition 2.11 (see [1] ). Let A ¼ AðT; RÞ be a standard mixed self-small group of torsion-free rank 1 and n a positive integer.
n is a subgroup of finite index then C G AðT 1 ; RÞ l Á Á Á l AðT n ; RÞ, where T 1 ; . . . ; T n are torsion groups which are quasi-isomorphic to T. Moreover, if TðCÞ ¼ TðA n Þ then we can choose
(b) If C is a mixed self-small group of torsion-free rank n such that TðCÞ G T n and C G R n , then C G A n .
3 Finitely A-cogenerated groups Proposition 3.1. Let A be a mixed self-small group of torsion-free rank 1. For a group C of finite torsion-free rank n, the following are equivalent:
(a) C is finitely A-cogenerated and SðAÞ _ J J DðCÞ;
where (i) T is a finitely A-cogenerated torsion group, and
(ii) C 0 is a self-small group such that OT ðC 0 Þ c typeðAÞ, T p ðC 0 Þ c T p ðAÞ n for all p A P, and T p ðC 0 Þ G T p ðAÞ n for almost all p A P.
Proof. (a) ) (b) Let m be a positive integer such that C c A m . There exists a finite set U J P such that AðUÞ is standard mixed self-small group of torsion-free rank 1 and SðAðUÞÞ J DðCÞ. Since every p-component of C is finite, we can consider a similar direct decomposition C ¼ T U ðCÞ l CðUÞ. If r U : A m ! AðUÞ m is the canonical projection then Kerðr U Þ ¼ T U ðAÞ m . Hence the restriction r U j CðUÞ : CðUÞ ! AðUÞ m is injective. Therefore, we can suppose that A is a standard mixed self-small group of torsion-free rank 1, and C c A m , such that SðAÞ J DðCÞ. If p A SðAÞ, we consider the direct decompositions A ¼ T p ðAÞ l AðpÞ and C ¼ T p ðCÞ l CðpÞ. Since Að pÞ is the maximal p-divisible subgroup of A and CðpÞ is p-divisible, we have Cð pÞ c AðpÞ n . It follows that the canonical projection p C p : C ! T p ðCÞ is the restriction of the canonical projection p p :
Let hc 1 i l Á Á Á l hc n i be a full free subgroup of C. We complete it to a full free subgroup 
Let
We consider a direct decomposition C ¼ ð0 p A W T p ðCÞÞ l C 0 and the subgroup
It is not hard to see that 
hence SðAÞ J DðC 0 Þ. Since C 0 is finitely A-cogenerated, OT ðC 0 Þ c typeðAÞ by [23 
(b) ) (a) First we observe that SðAÞ is quasi-contained in DðCÞ, as a consequence of Corollary 2.5. Moreover, it is enough to suppose that C is a self-small group which satisfies (ii).
Let V be a finite set of primes such that AðV Þ is a standard mixed self-small group of torsion-free rank 1, and U ¼ fp A P j T p ðCÞ 0 T p ðAÞ n g U V . Then U is a finite set. If we consider direct decompositions A ¼ T U ðAÞ l AðUÞ and C ¼ T U ðCÞ l CðUÞ, we observe that C is finitely A-cogenerated if and only if CðUÞ is finitely AðUÞ-cogenerated. Therefore we can suppose that A G AðT; RÞ is a standard mixed selfsmall group of torsion-free rank 1, and T p ðCÞ G T p ðAÞ n for all p A P. Let j A f1; . . . ; ng. We consider the canonical projection r j : D ! D j and we write C j ¼ r j ðCÞ c D j . Then C j is a mixed self-small group of torsion-free rank 1 and C j G AðT; X Þ with typeðX Þ c OTðCÞ (we observe that X is a rank 1 epimorphic image of C). Since OTðCÞ c typeðAÞ, we obtain typeðX Þ c typeðAÞ. Using Lemma 2.10 we conclude that there exists a monomorphism j j : C j ! A.
Therefore, for all j A f1; . . . ; ng, there exist homomorphisms j j p j : C ! A with Kerðj j p j Þ c 0 i0j D i . The family fj j p j j j A f1; . . . ; ngg induces a monomorphism j : C ! A n , hence C is finitely A-cogenerated. r
Remark 3.2. In [23, Proposition 3 and Lemma 2] it is proved that if
A is torsion-free, and C is A-cogenerated of finite rank then C is finitely A-cogenerated. This property is not valid for mixed self-small groups of torsion-free rank 1.
Proof. Let A G Að0 p A P ZðpÞ; QÞ be the standard mixed self-small group of torsionfree rank 1, constructed as the pure subgroup of Q p A P ZðpÞa p which is generated by a p and by the element a ¼ ða p Þ p A P . If C is the pure subgroup of Q p A P Zð pÞa p which is generated by 0 p A P ZðpÞa p , a and b ¼ ððp À 1Þa p Þ p A P then C is an A-cogenerated group since C c Q p A P ZðpÞa p and each group ZðpÞa p is a direct summand of A. Moreover, C is self-small group of torsion-free rank 2 (as a consequence of Theorem 2.2) such that DðAÞ ¼ DðCÞ ¼ SðCÞ. But C does not satisfy condition (ii) from Proposition 3.1 (b), hence C is not finitely A-cogenerated. r
The proof of Proposition 3.1 provides more information about finitely Acogenerated groups. The proof of (b) ) (a) gives us the following Corollary 3.3. Let A be a mixed self-small group of torsion-free rank 1 and C a selfsmall group of torsion-free rank n which satisfies (ii) from Proposition 3.1 (b). Then there exists an embedding 0 ! C ! A n .
Using the proof of (a) ) (b), we obtain Corollary 3.4. Let A be a mixed self-small group of torsion-free rank 1. If C c A n is a subgroup of torsion-free rank n such that C is p-divisible for almost all p A SðAÞ, then T p ðCÞ ¼ T p ðA n Þ for almost all p A P and C is self-small.
Proof. From the proof of (a) ) (b) we obtain T p ðCÞ ¼ T p ðA n Þ for almost all p A P. Let B be a finite subgroup of A n such that TðC þ BÞ ¼ TðA n Þ. It is enough to prove that C 0 ¼ C þ B is self-small, hence we can suppose TðCÞ ¼ TðA n Þ. If TðCÞ ¼ TðA n Þ then there exists an exact sequence 0 ! C ! A n ! X ! 0, where X G A n =C is a torsion group such that X p ¼ 0 for almost all p A SðAÞ. Moreover, if the p-component X p is non-zero for a prime p A SðAÞ then X p is a direct sum of a finite group and a divisible group. We obtain an exact sequence 0 ! HomðX ; TðAÞÞ ! HomðA n ; TðAÞÞ ! HomðC; TðAÞÞ ! ExtðX ; TðAÞÞ:
Since HomðX ; TðAÞÞ and ExtðX ; TðAÞÞ G 0 p A SðAÞ; X p 00 ExtðX p ; T p ðAÞÞ are finite groups, the group HomðC; TðAÞÞ is a torsion group. Then HomðC; TðCÞÞ is a torsion group since it can be embedded in HomðC; TðAÞÞ n . It follows that C is a selfsmall group. r
We close this section with a result about the group HomðC; AÞ. Recall from [16, Example 6] that there exist finite torsion-free rank self-small groups A and C such that HomðC; AÞ is not a self-small group. However, this is not the case if A is of torsion-free rank 1 and C is finitely A-cogenerated. Moreover, under this hypothesis, the embedding Y CA from Proposition 2.6 is an isomorphism. Proposition 3.5. Let A be a mixed self-small group of torsion-free rank 1 and C a finitely A-cogenerated self-small group of torsion-free rank n.
(a) The group C Ã ¼ HomðC; AÞ is self-small of torsion-free rank n, and it is finitely A-cogenerated. Proof. (a) Suppose that C c A m . If r 0 ðCÞ < m then we can add to C a free subgroup F 0 c A n such that C þ F 0 ¼ C l F 0 is of torsion-free rank m. Since the class of selfsmall groups is closed with respect to taking direct summands, the group HomðC; AÞ is self-small of torsion-free rank n whenever HomðC l F 0 ; AÞ G HomðC; AÞ l A mÀn is self-small of torsion-free rank m. Moreover, C l F 0 is a self-small group, hence we can suppose C c A n . Let F ¼ hc 1 i l Á Á Á l hc n i be a full free subgroup of C. We claim that C=F is p-divisible for almost all p A SðAÞ.
Since C is self-small, C=F is p-divisible for almost all p A SðCÞ. Moreover, for almost all p A SðAÞ we have
If p is a prime such that Suppose that there exists p A UnSðCÞ such that ðC=F Þ p 0 0. Then there exists c A CnF with pc A F , hence we can find integers l 1 ; . . . ; l n such that
This is possible only if p divides l i for all i A f1; . . . ; ng. Hence there exists c 0 A F such that pc ¼ pc 0 , and it follows that p A SðCÞ, a contradiction. Therefore ðC=F Þ p ¼ 0 for all p A U, and the claim is proved. Therefore HomðC=F ; AÞ is a bounded group, hence the kernel of the natural homomorphism j : HomðC; AÞ ! HomðF ; AÞ G A n is bounded. Moreover, since in the exact sequence 0 ! HomðA n =C; AÞ ! HomðA n ; AÞ ! HomðC; AÞ the first group is finite, we deduce that the group HomðC; AÞ is of torsion-free rank n. Then C 0 ¼ ImðjÞ G HomðC; AÞ=KerðjÞ c A n is a subgroup of torsion-free rank n such that C 0 is p-divisible for almost all p A SðAÞ. By Corollary 3.4, C 0 is self-small. Therefore, C Ã ¼ HomðC; AÞ is self-small of torsion-free rank n. Moreover, there exists a direct decomposition
where V is a finite set of primes, such that KerðjÞ c T V ðC Ã Þ. It is not hard to see that T V ðC Ã Þ is finitely A-cogenerated. Moreover, the restriction j jC Ã ðV Þ : C Ã ðV Þ ! C 0 is a mono-morphism, hence C Ã ðV Þ a finitely A-cogenerated group. Then C Ã is a finitely Acogenerated group.
(b) Observe, by the proof of (a), that if F is a full free subgroup of C then C=F is p-divisible for almost all p A SðAÞ. Then for every full subgroup K of C the factor group C=K is p-divisible for almost all p A SðAÞ. If a : C ! A is a homomorphism such that aðCÞ is a torsion group then KerðaÞ is a full subgroup of C, hence C=KerðaÞ G aðAÞ is p-divisible for almost all p A SðAÞ. But TðAÞ is reduced, and it follows that almost all p-components of aðAÞ are zero. Then a A TðHomðC; AÞÞ, hence HomðC; TðAÞÞ J TðHomðC; AÞÞ. Moreover, the converse inclusion is obvious, hence TðHomðC; AÞÞ ¼ HomðC; TðAÞÞ.
(c) Using (a) we obtain r 0 ðCÞ ¼ r 0 ðC Ã Þ ¼ r 0 ðHomðC; AÞÞ, and the embedding Y CA : HomðC; AÞ=HomðC; TðAÞÞ ,! HomðC; AÞ is pure by Proposition 2.6. Therefore this embedding is an isomorphism. r Example 3.6. In contrast with Warfield's result [23, Proposition 3] , there exist a selfsmall mixed group A of torsion-free rank 1 and a self-small mixed group C of finite torsion-free rank such that HomðC; AÞ is a self-small group of torsion-free rank n, but C is not (finitely-)A-cogenerated: if
are standard self-small mixed groups of torsion-free rank 1 then HomðC; AÞ G A, but C is not A-cogenerated.
If A and G are groups, we will denote by G a the group HomðG; AÞ and by x G : G ! G aa the natural map induced by the pair of adjoint contravariant functors ðÀÞ a : Ab ! Ab : ðÀÞ a .
Corollary 3.7. Suppose that A is a mixed self-small group of torsion-free rank 1 and C is a finitely A-cogenerated group. Let p : C ÃÃ ! C ÃÃ be the canonical epimorphism, and F ¼ HomðY
is commutative with exact sequences, where n is the restriction of n C to TðCÞ, and r : C ! C is the canonical epimorphism.
Proof. By Proposition 3.5, Y CA is an isomorphism, hence F is well defined. Moreover, using again Proposition 3.5, it follows that C Ã is finitely A-cogenerated and Y C Ã A is an isomorphism. Since HomðY À1 CA ; AÞ is also an isomorphism, F is epic and KerðFÞ ¼ KerðpÞ ¼ TðC ÃÃ Þ. Therefore, the sequences in the diagram are exact and the left-hand square is commutative.
In order to prove that the right-hand square is commutative we need an explicit description for F. For every a 0 A HomðC; AÞ we consider a homomorphism a A C
CA ða 0 Þ (hence a 0 ðc þ TðCÞÞ ¼ aðcÞ þ TðAÞ for all c A C). Then Fð f Þ : a 0 7 ! f ðaÞ þ TðAÞ for all f A C ÃÃ . Moreover, for all c A C we have
These equalities are valid for all a 0 A HomðC; AÞ, hence
Then the right-hand square is commutative, and the proof is complete. r 4 A-reflexive groups of finite torsion-free rank
We start this section with a characterization of torsion A-reflexive groups. Proof. Suppose that T is an A-reflexive torsion group. Since the class of A-reflexive groups is closed with respect to taking direct summands, we can suppose that T is a p-group, with p A SðAÞ. Since T can be embedded in a power of T p ðAÞ, T is a bounded p-group. If T is not finite, there exists an infinite set I such that T ¼ 0 i A I B i , where all B i are non-zero cyclic p-groups. Since HomðT; AÞ G Q i A I HomðB i ; AÞ, the group HomðT; AÞ is a bounded group of cardinality 2 I . Hence there exists a set J of cardinality 2 I such that HomðT; AÞ ¼ 0 j A J C j , where C j are non-zero cyclic p-groups. Therefore
It follows that n T is not an isomorphism, a contradiction. Then T is finite, hence it is finitely A-cogenerated.
In the sequel we consider a torsion group T such that every p-component T p of T is finitely A-cogenerated. Since SðTÞ J SðAÞ, we can suppose that T ¼ 0 p A SðAÞ T p . We write X p ¼ HomðT p ; T p ðAÞÞ, and we observe that X p is a finite p-group for all p. Moreover, HomðT; AÞ ¼ HomðT; TðAÞÞ G Q p A SðAÞ X p . Let f : HomðT; AÞ ! A be a group homomorphism. By Theorem 2.9, we can suppose that A is a DðAÞ-pure subgroup of Proof. (a) ) (b) Suppose that C 0 TðCÞ is a finitely A-cogenerated group which is A-reflexive. Then every p-component of C is A-reflexive, and using Theorem 4.1 we deduce T p ðCÞ ¼ 0 whenever T p ðAÞ is not a cyclic group. Suppose that there exists a prime p such that T p ðAÞ 0 0 and A is not p-divisible. Then for every set X , the group A X has no non-trivial p-divisible subgroups. Since C is A-cogenerated, it can be embedded in a power A X of A, hence C is not p-divisible. If we consider a direct decomposition C ¼ T p ðCÞ l CðpÞ then CðpÞ is an A-reflexive group. Since CðpÞ 0 pCðpÞ, the group HomðCð pÞ; T p ðAÞÞ is a non-zero bounded p-group, hence T p ðCð pÞ ÃÃ Þ 0 0 ¼ T p ðCðpÞÞ, a contradiction. Then SðAÞ J DðAÞ. Moreover, U is the set of primes p such that T p ðAÞ is not a cyclic group. As in the proof of Proposition 4.1, the item (ii) is a consequence of [17, Corollary 43.3] .
Since U J SðAÞ, the group A is p-divisible for all p A U. Then AðUÞ is p-divisible for all p A U. Moreover C G C ÃÃ , and using (ii) together with Corollary 2.7, we deduce that C is p-divisible for all p A U. Therefore, HomðC; AÞ ¼ HomðC; AðUÞÞ and HomðC Ã ; AÞ ¼ HomðC Ã ; AðUÞÞ, and the natural map n C : C ! C ÃÃ coincides with the natural map C ! HomðHomðC; AðUÞÞ; AðUÞÞ. Hence C is AðUÞ-reflexive.
(b) ) (a) As in the last part of the proof for (a) ) (b), it follows that the group C is p-divisible for all p A U, hence we have the equalities HomðC; AÞ ¼ HomðC; AðUÞÞ and HomðC Ã ; AÞ ¼ HomðC Ã ; AðUÞÞ:
Then n C coincides with the natural map C ! HomðHomðC; AðUÞÞ; AðUÞÞ, hence C is A-reflexive. r
As we have seen in Remark 3.2, if A is a proper mixed group then finite torsionfree rank self-small groups which are A-cogenerated groups are not necessarily finitely A-cogenerated groups. This is not the case for A-reflexive groups. Lemma 4.3. Let A be a standard mixed self-small group of torsion-free rank 1. If C is an A-reflexive self-small group of finite torsion-free rank, then (a) C Ã is self-small, and Let c 1 ; . . . ; c n A C be a maximal independent system of infinite order elements. There exist f 1 ; . . . ; f n A HomðC; AÞ such that f i ðc i Þ B TðAÞ for all i A f1; . . . ; ng. Let f : C ! A n be the homomorphism induced by the family f f 1 ; . . . ; f n g. Suppose that there exists an infinite order element c A C such that f ðcÞ ¼ 0. Then there exist integers l; l 1 ; . . . ; l n such that 0 0 lc ¼ l 1 c 1 þ Á Á Á þ l n c n . We obtain 0 ¼ f ðlcÞ ¼ ðl 1 f 1 ðc 1 Þ; . . . ; l n f n ðc n ÞÞ:
Since there exists i such that l i 0 0, it follows that there exists i such that f ðc i Þ ¼ 0, a contradiction.
Therefore
Kerð f i Þ is a torsion group, and C 0 ¼ C=K is a finitely A-cogenerated self-small group of torsion-free rank n ¼ r 0 ðCÞ such that C 0 is p-divisible for all p A SðAÞ. Using Corollary 3. 4 n ) for almost all p. Hence K is a finite group, and so it can be embedded in a finite direct summand T U ðCÞ, where U is a finite set of primes. Therefore C 0 G ðT U ðCÞ=KÞ l CðUÞ, and CðUÞ is a finitely A-cogenerated group. Moreover T U ðCÞ is A-reflexive, hence it is finitely A-cogenerated as a consequence of Theorem 4.1. Then C is finitely A-cogenerated. r (b) ) (a) Using Proposition 3.1, it follows that C is a finitely A-cogenerated group. Let p A SðAÞ. Since A is p-divisible and C is A-reflexive, the group C is p-divisible. Hence C ¼ T p ðCÞ l Cð pÞ with Cð pÞ a p-divisible group with trivial p-component. Then C ÃÃ G HomðHomðT p ðCÞ; AÞ; AÞ l HomðHomðCð pÞ; AÞ; AÞ G T p ðCÞ l CðpÞ ÃÃ :
Note that C ÃÃ ðpÞ ¼ HomðHomðCðpÞ; AÞ; AÞ ¼ HomðHomðCðpÞ; AðpÞÞ; Að pÞÞ is a p-divisible group with trivial p-component. Since every p-component of C is finite, the restriction n : TðCÞ ! TðC ÃÃ Þ of n C to TðCÞ is an isomorphism. Using again the commutative diagram provided by Corollary 3.7, we obtain that n C is an isomorphism, hence C is A-reflexive. r
We close the paper with an example which shows that the previous characterization of A-reflexive groups cannot be extended to the general case when A is a group of p-rank 1 for all primes p but is not self-small. Example 4.5. Let A be the pure subgroup of Q p A P Zð p 2 Þx p which is generated by 0 p A P Zð p 2 Þx p and a ¼ ðpx p Þ. Then A is of p-rank 1 for all p A P and A=TðAÞ G Q. By Corollary 2.5, A is not self-small. Let C be the pure subgroup of Q p A P ZðpÞ y p which is generated by 0 p A P ZðpÞ y p and the element c ¼ ðy p Þ. Then C is a mixed self-small group of torsion-free rank 1. Moreover, C is A-cogenerated, hence n C is monic.
We claim that HomðC; AÞ G C. In order to prove this we will use techniques developed in [5] and [18] for endomorphism rings. Applying the contravariant functor HomðÀ; AÞ to the exact sequence 0 ! TðCÞ ! C ! C ! 0, we can view HomðC; AÞ as a subgroup of 
ZðpÞ
which is generated by j and 0 p A P HomðZð pÞy p ; Zðp 2 Þx p Þ. Moreover, j satisfies the projection condition described in Theorem 2.9 (c). Then C Ã is a standard mixed selfsmall group of torsion-free rank 1 and the isomorphism C Ã G C is a consequence of Corollary 2.8. It follows that C ÃÃ G C. Since every p-component of C is finite and n C is monic we have n C ðTðCÞÞ ¼ TðC ÃÃ Þ. Moreover, C G C ÃÃ G Q, hence the induced homomorphism n C : C ! C ÃÃ ; n C ðc þ TðCÞÞ ¼ n C ðcÞ þ TðC ÃÃ Þ is an isomorphism. Therefore, for every y A C ÃÃ there exists c A C such that y þ TðC ÃÃ Þ ¼ n C ðc þ TðCÞÞ ¼ n C ðcÞ þ TðC ÃÃ Þ. Hence y À n C ðcÞ A TðC ÃÃ Þ, and there exists x A TðCÞ such that y ¼ n C ðc þ xÞ. Then n C is an isomorphism, and C is A-reflexive.
